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The theory of Vogan diagrams, which are Dynkin diagrams with an overlay of
certain additional information, allows one to give a rapid classication of nite-
dimensional real semisimple Lie algebras and to make use of this classication
in practice. This paper develops a corresponding theory of Vogan diagrams for
almost compact real forms of indecomposable nontwisted afne KacMoody Lie
algebras. In this case also, the equivalence classes of Vogan diagrams correspond to
the isomorphism classes of almost compact real forms. Although the real forms of
such algebras had already been classied, the theory of Vogan diagrams introduces
invariants for such algebras and makes it possible to locate a given real form within
the classication. ' 2000 Academic Press
1. INTRODUCTION
Elie Cartan classied nite-dimensional real semisimple Lie algebras in
a long 1913 paper. From then until the late 1970s, the proof of the classi-
cation was gradually simplied so that it took only about 25 pages. In a
1996 paper [6], Knapp modied some diagrams that had arisen in connec-
tion with the analysis of discrete series, calling them Vogan diagrams, and
showed how Vogan diagrams could be used to prove the classication in
under 3 pages.
The theory of Vogan diagrams for real semisimple Lie algebras includes
three theorems worth noting here. Details may be found in [5]. The rst is
that if two real semisimple Lie algebras, in the presence of some choices,
have matching Vogan diagrams, then the Lie algebras are isomorphic. The
second is that any diagram that looks like a Vogan diagram comes from
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some real semisimple Lie algebra and a system of choices. The third is
that any Vogan diagram can be transformed, by changing the ordering, into
a diagram in which each simple component has at most one noncompact
imaginary root and that root occurs at most twice in the largest root of that
simple component. As a result, the classication comes down to deciding
which of some really easy Vogan diagrams correspond to isomorphic Lie
algebras, that can be done readily by hand.
This paper deals with indecomposable nontwisted afne KacMoody Lie
algebras and their real forms. The real forms of this kind of Lie algebra
have been classied as a result of work by Guy Rousseau and H. Ben
Messaoud (see Section 3.6). What is sought is a theory of Vogan diagrams
for them. The real forms for a given complex Lie algebra of this type break
into two kinds, called almost split and almost compact. The almost split
ones correspond in one-one fashion with all but one of the almost compact
ones, the exceptional almost compact form being the so-called compact
form.
In this paper we introduce Vogan diagrams for the almost compact real
forms of an indecomposable nontwisted afne KacMoody Lie algebra.
The underlying Dynkin diagram is merely the completed diagram of an
ordinary indecomposable Dynkin diagram. Here some two-element orbits
will be marked, and some of the one-element orbits will be shaded. These
markings and shadings are possible as a result of an extensive theory about
the real forms that is already in place. The main theorem of this paper
(Theorem 5.2) is that two real forms that have matching Vogan diagrams
are isomorphic.
It is not true that the ordering can be changed in such a way that at
most one root is shaded. This fact makes it important to introduce the
notion of equivalence of Vogan diagrams, in which two such diagrams are
equivalent if they correspond to different orderings for the same real form.
It is a fairly easy matter to work out representatives of the equivalence
classes of Vogan diagrams, and these are listed for some nontwisted afne
KacMoody Lie algebras in the Appendix. A count of the number of these
diagrams yields a match with the number of almost compact real forms in
the known classication, as it should.
As is true in the nite-dimensional case, the theory of Vogan diagrams
does more than give a faster proof of the classication. It allows one to
identify, for a given Lie algebra, which standard Lie algebra is isomorphic
to it, without tracking down isomorphisms whose existence is known but
for which there are no formulas.
This paper is organized as follows. Section 2 recites known facts about
(complex) indecomposable nontwisted afne KacMoody Lie algebras. Sec-
tion 3 records aspects of the classication of the real forms and then intro-
duces Vogan diagrams, making the necessary justications. Section 4 dis-
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cusses some low-rank examples, showing explicitly what almost compact
real forms are and what their Vogan diagrams look like. Section 5 states
and proves the main theorem. The Appendix gives representatives of equiv-
alence classes of Vogan diagrams when the given complex simple Lie alge-
bra is of type An, Bn, Cn, and D4, proving that there are no others.
2. PRELIMINARIES
2.1. Afne KacMoody Lie Algebras
Let I = 1; n + 1, n ∈ , be an interval in . Let A = aiji; j∈I be a
matrix with integer coefcients. A is called a generalized Cartan matrix if it
satises the following conditions:
 aii = 2 for i = 1; : : : ; n+ 1.
 aij are nonpositive integers for i 6= j.
 aij = 0 implies aji = 0.
Let ˙ = ˙A be the free complex Lie algebra generated by a basis of the
standard Cartan subalgebra ¨ and the elements ei; fi for i ∈ I with the
following dening relations [3]:
ei; fj = δijα∨i ; i; j ∈ I
h; h′ = 0; h; h′ ∈ ¨
h; ei = αi; hei; i ∈ I; h ∈ ¨
h; fi = −αi; hfi; i ∈ I; h ∈ ¨
adei1−aij ej = 0; i 6= j
adfi1−aij fj = 0; i 6= j:
The algebra ˙ is called a KacMoody Lie algebra. The algebra ˙ is an
afne KacMoody Lie algebra if
 A is an indecomposable matrix, i.e., after the indices are reordered






 There exists a vector ain+1i=1 , with ai all positive such that Aain+1i=1
= 0.
Then A is called a Cartan matrix of afne type. The afne algebra associated
with a generalized Cartan matrix of type X1n is called a nontwisted afne
KacMoody Lie algebra.
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2.2. Dynkin Diagram Associated with a Generalized Cartan Matrix
We associate with a generalized Cartan matrix A a graph SA called the
Dynkin diagram of A as follows. If aijaji ≤ 4 and aij ≥ aji, the vertices
i and j are connected by aij lines, and these lines are equipped with an
arrow pointing toward i if aij > 1. If aijaji > 4, the vertices i and j are
connected by a bold-faced line equipped with an ordered pair of integers
aij; aji.
It is clear that A is indecomposable if and only if SA is a connected
graph. A is determined by the Dynkin diagram SA and an enumeration
of its vertices.
2.3. A Realization of Nontwisted Afne KacMoody Lie Algebras
Let L = t; t−1 be the algebra of Laurent polynomials in t. The residue
of a Laurent polynomial P = Pk∈ cktk (where all but a nite number of
ck are 0) is dened as Res P = c−1.
Let ˙ be a nite-dimensional simple Lie algebra over  of type Xn.
Then L˙ = L ⊗ ˙ is an innite-dimensional complex Lie algebra with
the bracket
P ⊗ x;Q⊗ y = PQ⊗ x; y; P;Q ∈ Ly x; y ∈ ˙:
Fix a nondegenerate, invariant, symmetric bilinear form ·; · in ˙ and ex-
tend this form to an L-valued form ·; ·t on L˙ by
P ⊗ x;Q⊗ yt = PQx; y; P;Q ∈ Ly x; y ∈ ˙:
The derivation tj d
dt




P ⊗ x = tj dP
dt
⊗ x; P ∈ Lyx ∈ ˙:
Therefore ψa; b = Res da
dt
; bt ; a; b ∈ L˙ denes a 2-cocycle on L˙
(Co 1), (Co 2) [3, p. 97].
We denote by L˜˙ the central extension of the Lie algebra L˙ associ-
ated with the cocycle ψ. Explicitly L˜˙ = L˙ ⊕ c with the bracket
a+ λc; b+ µc = a; b + ψa; bc; a; b ∈ L˙; λ; µ ∈ :
Finally, we denote by Lˆ˙ the Lie algebra, which is obtained by adjoining
to L˜˙ a derivation which acts on L˙ as t d
dt
and kills c. Explicitly Lˆ˙ =
L˙ ⊕ c ⊕ d with the bracket dened by
tk ⊗ x+ λc + µd; tj ⊗ y + λ1c + µ1d
= tj+k ⊗ x; y + µjtj ⊗ y − µ1ktk ⊗ x+ kδj;−kx; yc;
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where x; y ∈ ˙yλ;µ; λ1; µ1 ∈ yk; j ∈  [3, Sect. 7.2.2]. [Ka, 7.2.2]. Lˆ˙
is a nontwisted afne KacMoody Lie algebra associated with the afne
matrix A of type X1n [3, Theorem 7.4]. Here c = c is the center of Lˆ˙,
and L˙ ⊕ c is the derived algebra of Lˆ˙.
Notation. From now on Lˆ˙ = ˙ and tk ⊗ x will be written as tkx.
2.4. Invariant Bilinear Form of ˙
The normalized invariant form of ˙ [3, Sect. 6.2] can be described as
follows. Take the normalized invariant form ·; · on ˙ and extend ·; · to
all of ˙ by
P ⊗ x;Q⊗ y = Res t−1PQx; y; x; y ∈ ˙yP;Q ∈ L
c ⊕ d;L˙ = 0; c; c = d; d = 0; c; d = 1. It is a nondegenerate,
symmetric, invariant, bilinear form of ˙ [3, Sect. 7.5].
2.5. Roots of ˙
Let 1 ⊂ ¨∗ be the root system of the nite-dimensional Lie algebra ˙,
let α1; α2; : : : ; αn be the root basis, let H1;H2; : : : ;Hn the coroot ba-
sis, and let Ei, Fi i = 1; 2; : : : ; n the Chevalley generators. Let θ be the
highest root of the nite-root system 1 . Let ˙ = Lα∈1∪0 ˙α be the root
space decomposition of ˙. Let ω be the Cartan involution of ˙. We choose
F0 ∈ ˙θ such that F0; ωF0 = − 2θ;θ and set E0 = − ωF0. Then we
have, due to [3, Theorem 2.2e],
E0; F0 = −θ∨:
Now we come to the Lie algebra ˙ = Lˆ˙. Here ¨ = ¨ + c + d is an
n+ 2-dimensional commutative subalgebra in ˙. We extend λ ∈ ¨∗ to a
linear functional on ¨ by setting λ; c = λ; d = 0, so that ¨∗ is identied
with a subspace in ¨∗. We denote by δ the linear functional on ¨ dened
by δ¨+c = 0, δ; d = 1. Set
en+1 = tE0; fn+1 = t−1F0
ei = Ei; fi = Fi i = 1; 2; : : : ; n:
Remark 1. In [3], Kac uses e0 for en+1 and f0 for fn+1.
We see from [3, Sect. 7.4.1] that
en+1; fn+1 =
2
θ; θc − θ
∨:
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Now we describe the root system and the root space decomposition of ˙
with respect to ¨:




where L˙jδ+γ = tj ˙γ, L˙jδ = tj ¨.
We set















Then by [3, Proposition 6.4a]
A = α∨i ; αjn+1i; j=1:
In other words, ¨; pi;pi∨ is a realization of the afne matrix A.
2.6. Cartan Involution of ˙
The map ei 7→ −fi; fi 7→ −ei; i ∈ Iy h 7→ −h; h ∈ ¨ can be uniquely
extended to an involution ω of ˙. ω is called the Cartan involution of ˙.
2.7. Weyl Group
For each i ∈ I, we dene a fundamental reflection ri of the space ¨∗ by
riα = α− α; α∨i αi ∀α ∈ ¨∗:
The subgroup W = GL¨∗ generated by ri, i ∈ I is called the Weyl group
of ˙.
3. CLASSIFICATION OF REAL FORMS OF NONTWISTED
AFFINE KACMOODY LIE ALGEBRAS
3.1. Cartan and Borel Subalgebras of ˙
We dene a group G acting on the Lie algebra ˙ via the adjoint represen-
tation Adx G 7→ Aut˙. It is generated by the subgroups Uα for α ∈ ±pi
and AdUα = expad˙α.
A maximal ad˙-diagonalizable subalgebra of ˙ is called a Cartan subal-
gebra. Every Cartan subalgebra of ˙ is AdG-conjugate to the standard
Cartan subalgebra ¨ [4]. A Borel subalgebra of ˙ is a maximal completely
solvable subalgebra. It is always conjugated by AdG to b+ or b−, where
b+ = ¨ ⊕Lα>0 ˙α and b− = ¨ ⊕Lα<0 ˙α. But b+ and b− are not conju-
gated under AdG. So there are exactly two conjugacy classes of Borel
subalgebra: the positive and the negative ones [4].
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3.2. Real Forms of ˙
A real form of ˙ is a Lie algebra ˙ over  such that there exists an iso-
morphism from ˙ to ˙ ⊗  [1]. If we replace  with  in the denition
of ˙, we obtain a real form ˙ which is called split. A real form of ˙ corre-
sponds to a semi-linear involution of ˙ (this means to an automorphism τ
of ˙ such that τ2 = Id and τλx = λ¯τx for λ ∈  (semi-linear)).
A linear or semilinear automorphism of ˙ is said to be of the rst kind if
it transforms a Borel subalgebra into a Borel subalgebra of the same sign.
A linear or semilinear automorphism of ˙ is said to be of the second kind
if it transforms a Borel subalgebra into a Borel subalgebra of the opposite
sign.
Let ˙ be a real form of ˙, and x an isomorphism from ˙ to ˙ ⊗ .
Then the Galois group 0 = Gal/ acts on ˙ and the corresponding
group G. We identify ˙ with the xed point set ˙0.
Denition 3.1. If 0 consists of rst kind automorphisms we say that
˙ is almost split. Otherwise if the nontrivial element of 0 is a second kind
automorphism, we say that ˙ is almost compact. (In other words, a real
form ˙ of ˙ is said to be almost split if for each γ in 0 the action of γ on
˙ is of rst kind, otherwise ˙ is said to be almost compact [10].)
3.3. Automorphisms of ˙
Let ¨ be the standard Cartan subalgebra of ˙. Paper [4] denes a groupeH which acts on G and ˙. In fact bH = AdeH is isomorphic to ∗I and
if the element h of eH corresponds to hii∈I , it acts on ˙α by multiplication
by the scalar
Q
ihini if α =
P
i niαi.
The group Int˙ = AdeH ∝ G of interior automorphisms of ˙ is the
image of the semi-direct product of eH and G. Its derived group is the
adjoint group AdG (denoted by Int˙′). As G is transitive on the Cartan
subalgebra, the group Int˙ does not depend on the choice of ¨.
We consider the group AutA of permutations ρ of I such that aρiρj =
aij for i; j ∈ I. We regard AutA as a subgroup of Aut˙′ by requiring
ρei = eρi, ρfi = fρi. The Cartan involution ω commutes with AutA.
We dene the group of outer automorphisms of ˙ to be
Ext˙ = Id;ω ×AutA:
3.3.1. Transvections
Following [1], we denote by Tr the set of transvections of ˙ which means
linear maps of ˙ in ˙ of the form φ = expψ, where ψ is a linear map of ˙
into c, zero on ˙′. So we have φx = x+ ψx.
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Then according to [1, p. 187], we have the following decomposition of
the group of automorphisms of ˙x
Aut˙ = Ext˙ ∝ Int˙ × Tr: (3.1)
If σ is an automorphism of ˙ of the rst kind, then ω ◦ σ is a second
kind automorphism and conversely [1, p. 17]. From (3.1) it follows that
any automorphism of ˙ is either an automorphism of the rst kind or an
automorphism of the second kind.
3.4. Semi-linear Automorphisms
Denition 3.2. Following [1, p. 190], we dene by Aut˙ the group
of automorphisms of ˙ which are -linear or semi-linear. The group Aut˙
is normal in Aut˙ and is of index 2.
A semi-linear automorphism of order 2 of ˙ is called a semi-involution
of ˙. For any semi-involution σ ′ we have the decomposition Aut˙ =
1; σ ′ ∝ Aut˙. We denote by σ ′n the conjugation of ˙ with respect to
the standard split real form. We call σ ′n the standard normal semi-involution
of ˙. This commutes with the standard Cartan involution ω.
Let ω′s = σ ′nω = ωσ ′n. Then ω′s is called the standard Cartan semi-
involution of ˙. Its algebra of xed points is the standard compact real
form of ˙. A Cartan semi-involution of ˙ is a semi-involution ω′ conjugate
to ω′s by an element of Aut˙. Then ω′ is a semi-involution of the sec-
ond kind and the associated real form is called the compact real form ¸1 of
˙.
Let σ ′ be a semi-involution and ω′ be a Cartan semi-involution. Then
using [1, Proposition 4.5] and after having supposed that σ ′ and ω′ stabilize
the same Cartan subalgebra ¨, one may suppose by conjugating by G that
ω′ commutes with σ ′.
Denition 3.3. Let σ ′ be a semi-involution of ˙ of the second kind
and let ˙ = ˙σ ′ be the corresponding almost compact real form. A Car-
tan semi-involution ω′ which commutes with σ ′ is called a Cartan semi-
involution for σ ′ or ˙. The involution σ = σ ′ω′ (resp. its restriction ω′
to ˙) is called a Cartan involution of σ ′ (resp. of ˙). The algebra of
xed points ¸0 = ˙σ is called a maximal compact subalgebra of ˙. We have
the Cartan decomposition ˙ = ¸0 ⊕ —0 and ¸1 = ¸0 ⊕ i—0, where —0 is the
eigenspace of ω′ for the eigen value −1 [1, pp. 199200].
3.5. Maximally Compact Cartan Subalgebra of an Almost Compact Form
For X;Y in ˙ we dene
X;Y σ = −X;σY 
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where ·; · is the nondegenerate, symmetric, invariant, bilinear form de-
ned as in Section 2.4. It is easy to check that it is positive denite and
symmetric form.
Lemma 3.4. If ˙ is an almost compact real form of ˙ and σ is a Cartan
involution of ˙, then
adX∗ = −adσX for all X ∈ ˙;
where adjoint :∗ is dened relative to the inner product ·; ·σ .
Proof. We have






Proposition 3.5. Let Ô0 be a maximal abelian subspace of ¸0. Then ¨0 =
Z˙Ô0 is a σ-stable Cartan subalgebra of the almost compact real form ˙
of the form ¨0 = Ô0 ⊕ `0, with `0 ⊆ —0.
Proof.
¨0 = Z˙Ô0 = x ∈ ˙x; Ô0 = 0:
If x ∈ ¨0 and y ∈ Ô0, then




So ¨0 is σ-stable and hence is a vector space direct sum ¨0 = Ô0 ⊕ `0,
where `0 = ¨0 ∩ —0. We have ¨0; ¨0 = `0; `0 and `0; `0 ⊆ Ô0, since
`0 ⊆ —0 and ¨0 ∩ ¸0 = Ô0. Thus ¨0; ¨0 is abelian. Since ¨0 is σ-stable and
nite-dimensional, using the inner product ·; ·σ on ¨0, it is easy to check
that any ideal in ¨0 has a complementary ideal. So ¨0 is reductive. By [5,
Corollary 1.53], ¨0; ¨0 is semisimple. Thus the semisimple and abelian Lie
algebra ¨0; ¨0 must be zero. Consequently ¨0 is abelian.
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It is clear that ¨0 is maximal abelian in ˙. Now if x ∈ Ô0, then by Lemma
3.4 we have adx∗ = −adx. So the members of ad˙Ô0 are skew adjoint.
If x ∈ `0, then by Lemma 3.4 we have adx∗ = adx. So the members
of ad˙`0 are self-adjoint. Since Ô0 commutes with `0, ad¨0 is certainly
diagonable on ˙; hence ¨0 is a Cartan subalgebra of ˙.
We say that a σ-stable Cartan subalgebra of an almost compact real form
˙ of the form ¨0 = Ô0 ⊕ `0; with Ô0 ⊆ ¸0 and `0 ⊆ —0, is maximally compact
if dim Ô0 is as large as possible.
Proposition 3.6. A maximally compact Cartan subalgebra ¨0 = Ô0 ⊕ `0
of an almost compact real form ˙ has the property that all of the roots are
real on `0 and imaginary on Ô0.
Proof. The values of the roots on a member H of ¨0 are the eigenvalues
of adH. For H ∈ `0, these are real since adH is self-adjoint by Lemma
3.4. For H ∈ Ô0, these are purely imaginary since adH is skew adjoint by
Lemma 3.4.
3.6. Classication of Real Forms
Following [2, Theorem 4.4], we obtain under Aut˙ a one-to-one corre-
spondence between the conjugacy classes of (linear) involutions of ˙ of the
second kind and the conjugacy classes of almost split real forms of ˙.
Theorem 3.7 [9]. We consider
1. The semi-involutions σ ′, of ˙ of the second kind.
2. The involutions θ, of ˙ of the rst kind.
3. The relation σ ′ ≈ θ if and only if
(a) ω′ = θσ ′ = σ ′θ is a Cartan semi-involution.
(b) θ and σ ′ stabilize the same Cartan subalgebra ¨.
(c) ¨ is contained in a minimal σ ′-stable positive parabolic sub-
algebra.
Then this relation induces a bijection between the conjugacy classes under
Aut˙ of semi-involutions of the second kind and conjugacy classes of invo-
lutions of the rst kind.
Thus we obtain under Aut˙ a one-to-one correspondence between the
conjugacy classes of (linear) involutions of ˙ of the rst kind (including
identity) and the conjugacy classes of almost compact real forms of ˙. The
compact real form is unique; it corresponds to identity. A classication of
involutions of an afne KacMoody Lie algebra is given by Levstein [8].
A classication of automorphisms of nite order of afne KacMoody Lie
algebra of type A1n is given by Kobayashi [7].
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3.7. Vogan Diagrams
Let ˙ be an almost compact real form of ˙ corresponding to the semi-
involution σ ′ of ˙ of the second kind. Let σ be the Cartan-involution of
˙, and let ˙ = ¸0 ⊕ —0 be the corresponding Cartan decomposition. We
write ˙ = ¸ ⊕ — for the complexication of the Cartan decomposition.
Let Ô0 be a maximal abelian subspace of ¸0. Then ¨0 = Z˙Ô0 is a σ-
stable Cartan subalgebra of ˙ of the form ¨0 = Ô0 ⊕ `0, with `0 ⊆ —0 by
Proposition 3.5. This ¨0 is a maximally compact Cartan subalgebra of ˙
because Ô0 is as large as possible. By Proposition 3.6, we note that the roots
of ˙; ¨ are imaginary on Ô0 and real on `0. A root is real if it takes real
values on ¨0 (i.e., it vanishes on Ô0), imaginary if it takes purely imaginary
values on ¨0 (i.e., it vanishes on `0), and complex otherwise.
For any root α, σα is the root σαH = ασ−1H. If α is imaginary, then
σα = α. Thus ˙α is σ-stable, and we have ˙α = ˙α ∩ ¸ ⊕ ˙α ∩ —. Since
˙α is 1-dimensional, ˙α ⊆ ¸ or ˙α ⊆ —. We call an imaginary root α compact
if ˙α ⊆ ¸, noncompact if ˙α ⊆ —.
Proposition 3.8. Let ¨0 be a σ-stable Cartan subalgebra of ˙. Then
there are no real roots if and only if ¨0 is maximally compact.
Proof. The Cayley transform construction dα [5, p. 334] tells us that if
¨0 has a real root α, then we can construct a new Cartan subalgebra whose
Ô0 is strictly larger. Then ¨0 could not have been maximally compact.
For the converse, we write ¨0 = Ô0 ⊕ `0, and let 1 = 1˙; ¨ be the set














and ¸0 ∩ Z˙Ô0 = ¸0 ∩ ¨ = Ô0. Therefore Ô0 is maximal abelian in ¸0, and ¨0
is maximally compact.
Let ˙ be an almost compact real form of ˙. Let σ be the Cartan in-
volution and let ˙ = ¸0 ⊕ —0 be the corresponding Cartan decomposition.
Let ¨0 = Ô0 ⊕ `0 be a maximally compact σ-stable Cartan subalgebra of ˙,
with complexication ¨ = Ô⊕ `. We let 1 = 1˙; ¨ be the set of roots. By
Proposition 3.8, there are no real roots, i.e., no roots that vanish on Ô.
We choose a positive system 1+ for 1 that takes iÔ0 before `0 [5, p. 339].
Since σ is +1 on Ô0 and −1 on `0 and since there are no real roots, σ1+ =
1+. Therefore σ permutes the simple roots. It must x the simple roots that
are imaginary and permute in 2-cycles the simple roots that are complex.
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By the Vogan diagram of the triple ˙; ¨0; 1+, we mean the Dynkin di-
agram of 1+ with the 2-element orbits under σ labeled by an arrow and
with the 1-element orbits painted or not, depending on whether the corre-
sponding imaginary simple root is noncompact or compact.
3.7.1. Equivalence of Vogan Diagrams
We dene the equivalence of Vogan diagrams to be the equivalence rela-
tion generated by the following two operations:
1. Application of an automorphism of the Dynkin diagram.
2. Change in the positive system by reflection in a simple, noncom-
pact root, i.e., by a vertex which is colored in the Vogan diagram.
As a consequence of reflection by a simple, noncompact root α, the rule for
single and triple lines is that we leave α colored and its immediate neighbor
is changed to the opposite color. The rule for double lines is that if α is the
smaller root, then there is no change in the color of its immediate neighbor,
but we leave α colored. If α is the bigger root, then we leave α colored and
its immediate neighbor is changed to the opposite color.
If two Vogan diagrams are not equivalent to each other, we call them
non-equivalent.
4. EXAMPLES
4.1. Real Forms of A11 = ÓÌ2;t; t−1 ⊕ c ⊕ d































And the Cartan subalgebra of A11 is







The Cartan semi-involution ω′s of A
1
1 is










4.2. Almost Compact Real Forms of ÓÌ2;t; t−1 ⊕ c ⊕ d
Using the involutions given by Kobayashi [7], we get the following four
almost compact real forms of ÓÌ2;t; t−1 ⊕ c ⊕ d.
1. Involution of the rst kind φ x e 7→ −e; f 7→ −f; tf 7→
−tf; t−1e 7→ −t−1e; c 7→ c; d 7→ d. The corresponding semi-involution
of the second kind is ω′s ◦φ. The corresponding almost compact real form
is generated by
e+ f; ie− f ; ih; tf + t−1e; itf − t−1e; th− t−1h; ith+ t−1h}
⊕ ic ⊕ id:
2. The involution of the rst kind φ x e 7→ e; f 7→ f; tf 7→
−tf; t−1e 7→ −t−1e; c 7→ c; d 7→ d. The corresponding semi-involution
of the second kind is ω′s ◦φ. The corresponding almost compact real form
is generated by
e− f; ie+ f ; ih; tf + t−1e; itf − t−1e; th+ t−1h; ith− t−1h}
⊕ ic ⊕ id:
3. The involution of the rst kind φ x e 7→ tf; f 7→ t−1e; tf 7→
e; t−1e 7→ f; c 7→ c; d 7→ d. The corresponding semi-involution of the
second kind is ω′s ◦ φ. The corresponding almost compact real form is
generated by
e− t−1e; ie+ t−1e; f − tf; if + tf ; h; th+ t−1h; ith− t−1h}
⊕ ic ⊕ id:
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4. The compact real form, corresponding to Cartan semi-involution
ω′s, is given by
tne− t−nf; itne+ t−nf ; tnf − t−ne; itnf + t−ne;
tnh− t−nh; itnh+ t−nhyn ∈  }⊕ ic ⊕ id:
4.3. Vogan Diagrams Corresponding to Almost Compact Forms (1), (2)
and (4) of ÓÌ2;t; t−1 ⊕ c ⊕ d
Here, φ is the complexied Cartan involution for the real form. So its
xed point set will give us ¸0. The maximally compact Cartan subalgebra
¨0 = ih+ ic + id = Ô0.
We dene simple roots as follows:
α1h = 2; α1c = 0; α1d = 0: The corresponding root vector is e.
α2h = −2; α2c = 0; α2d = 1: The corresponding root vector
is tf .
So the Vogan diagram corresponding to (1) is the following, because e
and tf are in —:
.
The Vogan diagram corresponding to (2) is the following, because e is
in ¸ and tf is in —:
.
The Vogan diagram corresponding to (4) is the following, because e and
tf are in ¸:
.
4.4. Vogan Diagrams Corresponding to Almost Compact Forms (3) of
ÓÌ2;t; t−1 ⊕ c ⊕ d
The maximally compact Cartan subalgebra is ¨0 = h+ ic + id = Ô0 ⊕ `0,
where Ô0 = ic + id and `0 = h.
We dene simple roots as follows:
α1h = 2; α1c = 0; α1d = 1:
α2h = −2; α2c = 0; α2d = 1:




4.5. Real Forms of A12 = ÓÌ3;t; t−1 ⊕ c ⊕ d





0B@0 1 00 0 0
0 0 0
1CA ; e2 =
0B@0 0 00 0 1
0 0 0
1CA ; e3 = t




0B@0 0 01 0 0
0 0 0
1CA ; f2 =
0B@0 0 00 0 0
0 1 0
1CA ; f3 = t−1
0B@0 0 10 0 0
0 0 0
1CA :
The Cartan subalgebra of A12 is
h1 + h2 ⊕ c ⊕ d;
where
h1 =
0B@1 0 00 −1 0
0 0 0
1CA ; h2 =
0B@0 0 00 1 0
0 0 −1
1CA ; h3 =
0B@−1 0 00 0 0
0 0 1
1CA :
The Cartan semi-involution ω′s of A
1
2 is the following:























4.6. Almost Compact Real Forms of ÓÌ3;t; t−1 ⊕ c ⊕ d
Using the involutions given by Kobayashi [7], we get the following ve
almost compact real forms of ÓÌ3;t; t−1 ⊕ c ⊕ d.
1. Involution of the rst kind φ x e1 7→ e1, f1 7→ f1, e2 7→ −e2,
f2 7→ −f2, e3 7→ −e3, f3 7→ −f3, c 7→ c, d 7→ d. The corresponding semi-
involution of the second kind is ω′s ◦ φ. The corresponding almost com-
pact real form is generated by e1tn − f1t−n, ie1tn + f1t−n, f1tn − e1t−n,
if1tn + e1t−n, e2tn + f2t−n, ie2tn − f2t−n, f2tn + e2t−n, if2tn − e2t−n,
e3t
n + f3t−n, ie3tn − f3t−nyn ∈  ⊕ ic ⊕ id.
2. Involution of the rst kind φ x e1 7→ e1, f1 7→ f1, e2 7→ e2,
f2 7→ f2, e3 7→ −e3, f3 7→ −f3, c 7→ c, d 7→ d. The correspond-
ing semi-involution of the second kind is ω′s ◦ φ. The correspond-
ing almost compact real form is generated by e1tn + −1n+1f1t−n,
ie1tn − −1n+1f1t−n, e2tn + −1n+1f2t−n, ie2tn − −1n+1f2t−n,
e3t
n − −1n+1f3t−n, ie3tn + −1n+1f3t−n; n ∈  ⊕ic ⊕ id.
3. The compact real form, corresponding to the Cartan semi-
involution ω′s; is given by e1tn − f1t−n, ie1tn + f1t−n, h1tn − h1t−n,
ih1tn + h1t−n, e2tn − f2t−n, ie2tn + f2t−n, h2tn − h2t−n, ih2tn +
h2t
−n, e3tn − f3t−n, ie3tn + f3t−n, h3tn − h3t−n, ih3tn + h3t−n;
n ∈  ⊕ ic ⊕ id.
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4. Involution of the rst kind φ x e1 7→ −f1, f1 7→ −e1, e2 7→ −f2,
f2 7→ −e2, e3 7→ −t2f3, f3 7→ −t−2e3, c 7→ c, d 7→ d. The correspond-
ing semi-involution of the second kind is ω′s ◦ φ. The corresponding
almost compact real form is generated by e1tn + e1t−n, ie1tn − e1t−n,
f1t
n + f1t−n, if1tn − f1t−n, e2tn + e2t−n, ie2tn − e2t−n, f2tn + f2t−n,
if2tn − f2t−n, e3tn + e3t−n+2, ie3tn − e3t−n+2, f3tn + f3t−n+2; if3tn −
f3t
−n+2;n ∈  ⊕ ic ⊕ id.
5. Involution of the rst kind φ x e1 7→ −f1, f1 7→ −e1, e2 7→ −f2,
f2 7→ −e2, e3 7→ t2f3, f3 7→ t−2e3, c 7→ c, 4d 7→ d. The correspond-
ing semi-involution of the second kind is ω′s ◦ φ. The correspond-
ing almost compact real form is generated by e1tn − −1n+1e1t−n,
ie1tn + −1n+1e1t−n, f1tn − −1n+1f1t−n, if1tn + −1n+1f1t−n,
e2t
n − −1n+1e2t−n, ie2tn + −1n+1e2t−n, f2tn − −1n+1f2t−n, if2tn +
−1n+1f2t−n, e3tn + −1n+1e3t−n+2, ie3tn − −1n+1e3t−n+2, f3tn +
−1n+1f3t−n+2, if3tn − −1n+1f3t−n+2; n ∈  ⊕ ic ⊕ id.
4.7. Vogan Diagrams Corresponding to Almost Compact Real Forms (1), (2)
and (3) of ÓÌ3;t; t−1 ⊕ c ⊕ d
Here, φ is the complexied Cartan involution for the real form. So its
xed point set will give us ¸0. The maximally compact Cartan subalgebra
¨0 = ih1 + ih2 + ic + id = Ô0.
We dene simple roots as follows:
α1h1 = 2; α1h2 = −1; α1c = 0; α1d = 0; with corresponding
root vector e1.
α2h1 = −1; α2h2 = 2; α2c = 0; α2d = 0; with corresponding
root vector e2.
α3h1 = −1; α3h2 = −1; α3c = 0; α3d = 1; with corresponding
root vector e3.
So the Vogan diagram corresponding to (1) is the following, because e1
is in ¸ and e2, e3 are in —:
.
The Vogan diagram corresponding to (2) is the following, because e1, e2
are in ¸ and e3 is in —:
real forms of afne lie algebras 225
.
The Vogan diagram corresponding to (3) is the following, because e1, e2,
e3 are in ¸:
.
4.8. Vogan Diagrams Corresponding to Almost Compact Real Forms (4) and
(5) of ÓÌ3;t; t−1 ⊕ c ⊕ d











1CCA+ ic + id:
























α1c = 0; α1d = 0:
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α2c = 0; α2d = 0:






1CCA = 0; α3
0@ 0 i 0−i 0 0
0 0 0
1A=−2;
α3c = 0; α3d = 1:
The corresponding root vector is e1t + f1t − ih1t.
So the Vogan diagram for (4) is the following, because e1t + f1t − ih1t is
in —:
.




Using [1, Theorem 4.6], we prove the following corollary.
Corollary 5.1. If two Cartan semi-involutions θ and θ′ are conjugate by
an element τ of Int˙, then corresponding compact real forms Õ0 and Õ
′
0 are
also conjugate by τ.
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Proof. Each compact real form has an associated conjugation θ that
determines it. From the construction of Õ0 = ¸0 ⊕ i—0 and Õ′0 = ¸′0 ⊕ i—′0,
we see that this conjugation is a Cartan involution of ˙. So from the
assumption of the corollary θ and θ′ are conjugate by an element of Int˙.
Since Int˙ = Int˙, the corollary follows.
Notation. Autf˙ is the group of linear and semi-linear automorphisms
of ˙.
Let ˙ be an afne KacMoody Lie algebra. Let φ be a semi-linear au-
tomorphism of ˙. Let ·; · be the invariant, bilinear form dened as in
Section 2.4. Then φX;φY  = X;Y  for X;Y ∈ ˙ if and only if φ is in
Autf˙ [1, Proposition 3.4, Part R2].
Remark 2. It is easy to check that φX;φY  = X;Y  for X;Y ∈ ˙, for
all Cartan semi-involutions φ of ˙.
Theorem 5.2. Suppose two almost compact real forms of a nontwisted
afne KacMoody Lie algebra ˙ have equivalent Vogan diagrams. Then these
two real forms are isomorphic.
Remark 3. We may assume that the Vogan diagrams actually match.
Proof. Suppose ˙1 and ˙2 are two almost compact real forms of ˙. As
they are both real forms of ˙, they have the same complexication ˙. Let
Õ0 = ¸0 ⊕ i—0 and Õ′0 = ¸′0 ⊕ i—′0 be the compact real forms of ˙ correspond-
ing to ˙1 and ˙2, respectively. Let θ and θ′ be the respective corresponding
Cartan semi-involutions. By [1, Theorem 4.6], θ and θ′ are conjugate by
Int˙. So the corresponding compact real forms Õ0 and Õ
′
0 are also conju-
gate by Corollary 5.1.
So there exists x ∈ Int˙ such that xÕ′0 = Õ0. The real form x˙2 of ˙
is isomorphic to ˙2 and has Cartan decomposition x¸
′
0 ⊕ x—′0. Since x¸′0 ⊕
ix—′0 = xÕ′0 = Õ0, there is no loss of generality in assuming that Õ′0 = Õ0.
Then
θÕ0 = Õ0 and θ′Õ0 = Õ0: (5.1)
Case 1. Let `0 and `
′
0 be 0. Let ¨1 = Ô0 and ¨2 = Ô′0 be, respectively,
compact Cartan subalgebras of ˙1 and ˙2. As Õ
′
0 = Õ0, Ô0 and Ô′0 ⊆ Õ0. So Ô0
and Ô′0 are conjugate by an interior automorphism by [1, Proposition 4.9c];
i.e., there exists k ∈ IntÕ0 such that kÔ′0 = Ô0. Again replacing ˙2 by k˙2 and
arguing as above we may assume that Ô′0 = Ô0. Then the complexication of
¨1 and ¨2 is the same, denoted by ¨.
Now that the complexications ˙ and ¨ have been aligned, the root sys-
tems are the same. Let 1+ and 1+′ be the positive root systems given in
the respective triples. Then there exists an automorphism of the rst kind
k′ such that k′1+′ = 1+. (This is the point where we are making use of the
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hypothesis that both real forms are almost compact.) Replacing ˙2 by k′˙2
and arguing as above we may assume that 1+′ = 1+ from the outset. Using




tneα − fαt−n +
X
n; α






tnhα − hαt−n + ic + id:
We dene Yn;α = tneα and Y−n;−α = t−nfα. Since the automorphisms of
1+′ dened by θ and θ′ are the same, it follows that
θH = θ′H ∀H ∈ ¨: (5.2)
Since `0 and `
′
0 are 0, all of the roots are imaginary. So if α is unpainted,
then
θYn;α = Yn;α = θ′Yn;α; where n is xed: (5.3)
And if α is painted, then








it follows that ¨ and Yn;α and Yn;−α for α simple imaginary will generate
˙. So θ = θ′ and θid = θ′id = id, and ¸ = ¸′ and — = —′. So
˙1 = ˙2 = Õ0 ∩ ¸ ⊕ iÕ0 ∩ —:
Case 2. Let `0 and `
′
0 be nonzero. The imaginary simple roots are han-
dled as in Case 1. Suppose α ∈ 1 is a complex simple root. We write
θYn;α = an;αYθn;α. We have
θ
(
Õ0 ∩ spanYn;α; Y−n;−α
 ⊆ Õ0 ∩ spanYθn; α; Yθ−n;−α}:











Yθn; α − Yθ−n;−α + i
(
Yθn; α + Yθ−n;−α

:
If z = x + yi where x; y are real, then xYn;α − Y−n;−α + yiYn;α +
Y−n;−α = zYn;α − z¯Y−n;−α: Thus the expression θzYn;α − z¯Y−n;−α =
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zan;αYθn; α − z¯a−n;−αYθ−n;−α must be of the form wYθn;α − w¯Yθ−n;−α:
So a¯n; α = a−n;−α: Using Remark 2 we get





an;α = 1: (5.5)
Again Yn;α = θ2Yn;α = θan;αYθn;α = an;αaθn;αYn;α. Therefore
an;αaθn;α = 1: (5.6)
For each pair of complex simple roots α and θα, choose square roots a1/2n; α




This is possible by (5.6).
Similarly θ′Yn;α = bn;αYθn;α with
bn;α = 1; (5.7)
and dene b1/2n; α and b
1/2
θn;α for α and θα simple so that
b1/2n; αb
1/2
θn;α = 1: (5.8)
So by (5.5) and (5.7), we can dene H and H ′ in Õ0 ∩ ¨ by the conditions

















2 θαH ′ = b1/2θn;α:
Let us verify the identity
θ′ ◦Ad(exp 12 H −H ′ = Ad(exp 12 H −H ′ ◦ θ: (5.9)
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If α is imaginary simple, then (5.9) above holds on Yn;α: If α is complex
simple, then
θ′ ◦Ad(exp 12 H −H ′Yn;α = θ′(e1/2αH−H ′Yn;α
= a1/2n; αb−1/2n; α bn; αYθn; α
= a−1/2n; α b1/2n; αθYn;α
= a1/2θn;αb−1/2θn;αθYn;α
= Ad(exp 12 H −H ′ ◦ θYn;α:
Applying (5.9) to ¸ and then to —, we see that
Ad
(
exp 12 H −H ′¸ ⊆ ¸′; (5.10)
Ad
(
exp 12 H −H ′— ⊆ —′: (5.11)
Then equality must hold in (5.10) and (5.11). Since the element
Ad
(
exp 12 H − H ′ carries Õ0 to itself, it must carry ¸0 = Õ0 ∩ ¸ to
¸′0 = Õ0 ∩ ¸′; and —0 = Õ0 ∩ — to —′0 = Õ0 ∩ —′. Hence it must carry
˙1 = ¸0 ⊕ —0 to ˙2 = ¸′0 ⊕ —′0:
6. APPENDIX
6.1. Non-equivalent Vogan Diagrams of A1n for n ≥ 2
The largest root in An is e1 − en+1. So αn+1 in A1n acts like −e1 − en+1.
So the completed Dynkin diagram for A1n is
.
When there is a compact Cartan subalgebra, there are the following Vo-
gan diagrams:
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.
Here 1; 2; : : : ; n − 1; n, and 0′ give one non-equivalent Vogan
diagram. Again 1′ and n′ give one non-equivalent Vogan diagram, 2′
and n − 1′ give one non-equivalent Vogan diagram, and so on. So if n
is even, then the number of non-equivalent Vogan diagrams is 1 + 1 + n2 .
And if n is odd, then the number of non-equivalent Vogan diagrams is
1+ 1+  n−12 + 1.
When there are complex simple roots, then if n = 2rr ≥ 1 is even, we
get the following two non-equivalent Vogan diagrams:
.
So if n = 2r, we get 2 + r + 2 = r + 4 non-equivalent Vogan diagrams.




So if n = 2r − 1, we get 2+ r − 1 + 1+ 5 = r + 7 non-equivalent Vogan
diagrams. Using [1], the number of almost compact real forms in A12r−1 is
also r + 7. And the number of almost compact real forms in A12r is also
r + 4.
6.2. Non-equivalent Vogan Diagrams of B1n
The largest root in Bn is e1 + e2. So αn+1 in B1n acts like −e1 + e2. So
the completed Dynkin diagram for B1n is
.
There is one non-trivial automorphism, the flip of left two roots:
.
When there is a non-trivial automorphism, then none or one of the
α2; α3; : : : ; αn’s is painted. So we get n non-equivalent Vogan diagrams.
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When there is a compact Cartan subalgebra, then there are the following
Vogan diagrams:
.
We write 0 or 1 of the n roots α1; α2; : : : ; αn is painted. We get diagrams
0, 1; : : : ; n: This gives n+ 1 diagrams. For the diagram l′, take l
and paint αn+1. We add 1′ in the list of non-equivalent Vogan diagrams.
Thus our list now contains n+ n+ 1 + 1 = 2n+ 2 diagrams. By inductive
argument we can show that 0′; 2′; : : : ; n′; are redundant. Using [1],
the number of almost compact real forms in B1n is also 2n+ 2.
6.3. Non-equivalent Vogan Diagrams of C1n




There is one non-trivial automorphism, the reflection about the middle
root. This gives the following two diagrams if n is even:
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.
And the following single diagram if n is odd:
.
When there is a compact Cartan subalgebra, then there are the following
Vogan diagrams:
.
Here 0′ and n are the same. All of 1′ through n − 1′ re-
duces to 0′. Also 1 and n − 1 are the same, 2 and n − 2 are the
same, and so on. We get 0; 1; : : : ; n2 ; n and n′ if n is even, and
0; 1; : : : ;  n−12 ; n and n′ if n is odd.
From here n = 2r − 1 gives r + 2, and n = 2r gives r + 3 non-equivalent
Vogan diagrams.
So for n = 2r − 1, we get a total of r + 3 non-equivalent Vogan diagrams.
For n = 2r, we get total r + 5 non-equivalent Vogan diagrams. Using [1],
the number of almost compact real forms in C12r−1 is also r + 3. And the
number of almost compact real forms in C12r is also r + 5.
6.4. Non-equivalent Vogan Diagrams of D14
The largest root in D4 is e1 + e2. So α5 in D14 acts like −e1 + e2. So
the completed Dynkin diagram for D14 is
.
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When there are complex simple roots, we have the following ve non-
equivalent Vogan diagrams:
.
When there is a compact Cartan subalgebra, we have the following Vogan
diagrams:
.
Here 0′ and 1′ are the same. And 0′ and 2 are the same. So we
have four non-equivalent Vogan diagrams in this case. So we have a total
of nine non-equivalent Vogan diagrams in D14 . Using [1], the number of
almost compact real forms in D14 is also nine.
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